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Abstract
This paper presents a study of the flow and heat transfer of an incompressible homogeneous second-grade fluid over a non-
isothermal stretching sheet. The governing partial differential equations are converted into ordinary differential equations by a
similarity transformation. The effects of viscous dissipation, work due to deformation, internal heat generation/absorption and
thermal radiation are considered in the energy equation, and the variations of dimensionless surface temperature and dimensionless
surface temperature gradient as well as the heat transfer characteristics with various physical parameters are graphed and tabulated.
Two cases are studied, namely, (i) a sheet with prescribed surface temperature (PST case) and (ii) a sheet with prescribed heat flux
(PHF case).
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1. Introduction
Boundary-layer behaviour over a moving continuous solid surface is an important type of flow occurring in several
engineering processes. Such processes include heat-treated materials travelling between a feed roll and a wind-up
roll or materials manufactured by extrusion and many others. Since the pioneering work of Sakiadis [1], various
aspects of the problem have been investigated by many authors. Crane [2] and Gupta and Gupta [3] have analyzed the
stretching problem with constant surface temperature, while Soundalgekar [4] investigated the Stokes problem for a
viscoelastic fluid. This flow was examined by Siddappa and Khapate [5] for a special class of non-Newtonian fluids
known as second-order fluids, which are viscoelastic in nature. Danberg and Fansler [6] studied the solution for the
boundary-layer flow past a wall that is stretched with a speed proportional to the distance along the wall.
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Rajagopal et al. [7] independently examined the same flow as in [5] and obtained similarity solutions of the
boundary-layer equations numerically for the case of small viscoelastic parameter k1. It is shown that skin-friction
decreases with increase in k1. Dandapat and Gupta [8] examined the same problem with heat transfer. In [8], an exact
analytical solution of the non-linear equation governing this self-similar flow which is consistent with the numerical
results in [7] is given and the solutions for the temperature for various values of k1 are presented. Later, Cortell [9]
extended the work of Dandapat and Gupta [8] to study the heat transfer in an incompressible second-order fluid caused
by a stretching sheet with a view to examining the influence of the viscoelastic parameter on that flow. It is found that
the temperature distribution depends on k1, in accordance with the results in [8].
In the case of fluids of differential type (see Ref. [10]), the equations of motion are in general one order higher
than the Navier–Stokes equations and, in general, they need additional boundary conditions to determine the solution
completely. These important issues were studied in detail by Rajagopal [10,11] and Rajagopal and Gupta [12]. On
the other hand, Abel and Veena [13] investigated a viscoelastic fluid flow and heat transfer in a porous medium
over a stretching sheet and observed that the dimensionless surface temperature profiles increases with an increase in
viscoelastic parameter k1; however, later, Abel et al. [14] studied the effect of heat transfer on MHD viscoelastic fluid
over a stretching surface and an important finding was that the effect of visco-elasticity is to decrease the dimensionless
surface temperature profiles in that flow. Furthermore, Char [15] studied MHD flow of a viscoelastic fluid over a
stretching sheet; however, only the thermal diffusion is considered in the energy equation. Later, Sarma and Rao [16],
Vajravelu and Roper [17] and Cortell [18] analyzed the effects of work due to deformation in that equation. Another
effect which bears great importance on heat transfer is the viscous dissipation. When the viscosity of the fluid and/or
the velocity gradient is high, the dissipation term becomes important. Consequently, the effects of viscous dissipation
are also included in the energy equation.
On the other hand, the effect of radiation on viscoelastic boundary-layer flow and heat transfer problems can be
quite significant at high operating temperature. In view of this, viscoelastic flow and heat transfer over a flat plate
with constant suction, thermal radiation and without viscous dissipation were studied by Raptis and Perdikis [19].
Viscous dissipation and radiation were considered by Raptis [20] and the effect of radiation was also included in [21]
and in [22]. Very recently, researches in these fields have been conducted by many investigators [23–26]; however,
the effects of work due to deformation on viscoelastic flows and heat transfer in the presence of radiation, viscous
dissipation and heat source/sink have not been studied in recent years.
In the present paper a proper sign for the normal stress modulus is used and the effects of viscous dissipation, work
due to deformation, internal heat generation/absorption and thermal radiation are included in the energy equation. This
last effect has been included in this study by employing the Rosseland approximation [27]. Furthermore, we augment
the boundary conditions and we investigate the flow and heat transfer in an incompressible and thermodynamically
compatible second-grade fluid past a stretching sheet.
In Section 2, we shall consider the mathematical analysis of the flow and some exact solutions; in Section 3 we
shall examine the thermal problem when all the effects cited above are included in the energy equation for two cases of
boundary heating: (a) prescribed surface temperature (PST case) and (b) prescribed heat flux (PHF case); furthermore,
the influence on the numerical results of those additional effects will also be discussed. This paper highlights the effect
of work due to deformation on temperature profiles.
2. Flow analysis
An incompressible homogeneous fluid of second grade has a constitutive equation given by [28]
T = −pI+ µ(θ)A1 + α1(θ)A2 + α2(θ)A21. (1)
Here T is the stress tensor, p the pressure, µ(θ) the coefficient of viscosity, α1(θ), α2(θ), are material constants, θ is
the temperature (for details see Ref. [29]) and A1 and A2 are defined as
A1 = (grad v)+ (grad v)T, (2)
A2 = d/dtA1 + A1 · grad v+ (grad v)T · A1. (3)
Here v denotes the velocity field and d/dt is the material time derivative ( ddt (.) = ∂∂t (.) + [grad(.)]v). If the fluid of
second grade modelled by Eq. (1) is to be compatible with thermodynamics and is to satisfy the Clausius–Duhem
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inequality for all motions and the assumption that the specific Helmholtz free energy of the fluid is a minimum when
it is locally at rest, then (see Ref. [30])
(i) the viscosity µ(θ) is non-negative
µ(θ) ≥ 0, (4)
(ii) the normal stress coefficients α1(θ) and α2(θ) meet the requirements
α1(θ) ≥ 0, α1(θ)+ α2(θ) = 0. (5)
The dependence of these moduli on the temperature can introduces some changes in the solution. Szeri and
Rajagopal [31] studied the flow of a fluid of third grade between heated parallel plates. They considered those moduli
and the viscosity to be dependent on temperature, but while there is experimental evidence to suggest various models
(i.e. the Reynolds model [32] or the Vogel model [33]) for the viscosity, there is no data available for the variation of the
material modulus with the temperature and, consequently, it is assumed to be a constant in their work. They also proved
that for two fluids (one having a constant viscosity and the other having a certain viscosity–temperature relationship)
there appears a substantial temperature difference between these two fluids if they are both Newtonian, but there is
a significant coalescence as a result of non-Newtonian behaviour. In view of this, they concluded that temperature
dependence is not important for fluids of third grade for the range of parameters considered in their analysis. In other
words, for velocity distributions, variable viscosity solutions are not too distant from constant viscosity solutions.
Consequently, for the purpose of our analysis, we shall assume that the material moduli and viscosity are constants.
In our analysis we assume that the fluid is thermodynamically compatible (α1 ≥ 0); we consider the flow of an
incompressible second-grade fluid past a flat and impermeable sheet coinciding with the plane y = 0, the flow being
confined to y > 0. Two equal and opposite forces are applied along the x-axis so that the wall is stretched, keeping
the origin fixed. The steady two-dimensional boundary-layer equations for this fluid, in the usual notation, are
∂u
∂x
+ ∂v
∂y
= 0,
u
∂u
∂x
+ v ∂u
∂y
= υ ∂
2u
∂y2
+ α1
ρ
[
∂
∂x
(
u
∂2u
∂y2
)
− ∂u
∂y
∂2u
∂x∂y
+ v ∂
3u
∂y3
]
, (6)
where u and v are the velocity components in the x and y directions, respectively, ν is the kinematic viscosity and ρ
is the density. The boundary conditions to the problem are
u = cx, v = 0 at y = 0, c > 0,
u → 0, ∂u
∂y
→ 0 as y →∞. (7)
The condition ∂u
∂y → 0 as y → ∞ is the augmented condition since the flow is in an unbounded domain, which has
been discussed by Garg and Rajagopal [34].
Defining new variables
u = cx f ′(η), v = −(c · ν)1/2 f (η) (8)
where
η =
( c
ν
)1/2
y (9)
and substituting in (6) gives
( f ′)2 − f f ′′ = f ′′′ + k1
[
2 f ′ f ′′′ − ( f ′′)2 − f f iv
]
, (10)
where k1 = α1c/ρν is the viscoelastic parameter and a prime denotes differentiation with respect to η. The boundary
conditions (7) become
f = 0, f ′ = 1 at η = 0,
f ′ → 0, f ′′ → 0 as η →∞. (11)
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It is interesting to note that the problem {(10) and (11)} has a solution of the form
f (η) = (1/r) · (1− exp(−rη)), (12)
where
r = (1+ k1)−1/2. (13)
This gives the velocity components
u = cx exp(−rη),
v = −(cν)1/2 1− exp(−rη)
r
. (14)
Thus, we get a simple exact analytical solution and we use this solution for the function f in the heat transfer analysis.
3. Heat transfer analysis
By using usual boundary-layer approximations, the equation of the energy for temperature T in the presence
of radiation, with a temperature-dependent heat source/sink in the flow region, viscous dissipation, and taking into
account the work due to deformation, is given by
u
∂T
∂x
+ v ∂T
∂y
= α ∂
2T
∂y2
+ ν
cP
(
∂u
∂y
)2
− 1
ρcP
∂qr
∂y
+ Q
ρcP
(T − T∞)+ α1
ρcP
∂u
∂y
[
∂
∂y
(
u
∂u
∂x
+ v ∂u
∂y
)]
, (15)
where α is the thermal diffusivity, cP is the specific heat of a fluid at constant pressure, qr is the radiative heat flux, Q
is the volumetric rate of heat generation/absorption and T∞ is the fluid temperature far away from the surface.
Using the Rosseland approximation for radiation [27], the radiative heat flux is simplified as
qr = −4σ
∗
3k∗
∂T 4
∂y
, (16)
where σ ∗ and k∗ are the Stefan–Boltzmann constant and the mean absorption coefficient, respectively. We assume
that the temperature differences within the flow such as that the term T 4 may be expressed as a linear function of
temperature. Hence, expanding T 4 in a Taylor series about T∞ and neglecting higher-order terms we get
T 4 ∼= 4T 3∞T − 3T 4∞. (17)
In view of Eqs. (16) and (17), Eq. (15) reduces to
u
∂T
∂x
+ v ∂T
∂y
=
(
α + 16σ
∗T 3∞
3ρcPk∗
)
∂2T
∂y2
+ ν
cP
(
∂u
∂y
)2
+ Q
ρcP
(T − T∞)+ α1
ρcP
∂u
∂y
[
∂
∂y
(
u
∂u
∂x
+ v ∂u
∂y
)]
.
(18)
From the above equation it is seen that the effect of radiation is to enhance the thermal diffusivity.
3.1. Prescribed surface temperature (PST case)
In this circumstance, the boundary conditions are
T = Tw
(
=T∞ + A ·
( x
l
)2)
at y = 0,
T → T∞ as y →∞,
(19)
where Tw is the temperature at the wall and the constant l is chosen as a characteristic length.
On the other hand, we define the non-dimensional temperature θ(η) as
θ(η) = T − T∞
Tw − T∞ . (20)
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Realize that in order to obtain similarity solutions for temperature θ(η) we consider a stretched boundary surface with
prescribed power-law temperature of second grade only (see Ref. [15]).
Using (8), (9), (19) and (20) we find from (18)
θ ′′ + 3σNR
3NR + 4 f θ
′ − 3σNR
3NR + 4 (2 f
′ − λ)θ = − 3σNR
3NR + 4 Ec
[
( f ′′)2 + k1 f ′′( f ′ f ′′ − f f ′′′)
]
. (21)
Here, σ = υ
α
is the Prandtl number, λ = Q
ρccP
is the heat source/sink parameter, Ec = c2l2AcP is the Eckert number and
NR = kk∗4σ ∗T 3∞ is the radiation parameter.
In view of Eq. (12), Eq. (21) reduces to
θ ′′ + 3σNR
3NR + 4
[
1− exp(−rη)
r
]
θ ′ − 3σNR
3NR + 4 (2 exp(−rη)− λ)θ = −
3σNR
3NR + 4 Ec [1+ k1] r
2 exp(−2rη).
(22)
It is clear from the above equation that the effect of the work due to deformation is to enhance the dissipative term.
The boundary conditions (19) become
θ(0) = 1, θ(∞)→ 0. (23)
If the effects of radiation are not taken into account, we obtain the simpler equation
θ ′′ + σ
[
1− exp(−rη)
r
]
θ ′ − σ(2 exp(−rη)− λ)θ = −σ Ec [1+ k1] r2 exp(−2rη). (24)
The local heat flux can be expressed as
qw = −k
(
∂T
∂y
)
w
+ (qr )w = −3NR + 43NR k A
( c
v
) 1
2
( x
l
)2
θ ′(0). (25)
where k is the thermal conductivity.
Using numerical methods of integration and disregarding temporarily the second condition (23), a family of
solutions of (22) can be obtained for arbitrarily chosen values of
(
dθ
dη
)
η=0 = θ
′(0) ≤ 0. Tentatively we assume
that a special value of |θ ′(0)| yields a solution for which θ vanishes at a certain η = η∞, and satisfies the additional
condition
dθ
dη
= 0, θ = 0 at η = η∞. (26)
We guess θ ′(0) and integrate equation (22) and the first condition (23) as an initial value problem by the Runge–Kutta
method of fourth order with the additional condition (26).
In Table 1, we have extracted information for the PST case related to the problem ((23) and (24)) for two selected
sets of parameters. Clearly, in the first case, the effect of increasing the viscoelastic parameter k1 is to increase the
temperature profiles, and the opposite behaviour is seen for the second case.
Temperature and temperature-gradient profiles with and without work due to deformation in the PST case are
shown in Figs. 1–5 for several values of the parameters Ec, k1, NR , σ and λ. The combined effect of increasing values
of σ and NR is to decrease the magnitude of θ(η) largely in the boundary-layer flow region. The effect of increasing
Ec is to enhance the temperature θ(η) at any point, whereas the effect of increasing σ is quite the opposite. The
internal heat generation/absorption enhances or damps the heat transport. On the other hand, it is also seen that the
effect of work due to deformation on θ(η) decreases when there is an augment in some of the parameters σ , NR or Ec.
3.2. Prescribed heat flux (PHF case)
In this case, the power-law heat flux on the wall is considered in the form
at y = 0: qw = −k
(
∂T
∂y
)
w
= D
( x
l
)2
,
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Table 1
Variations with η of the functions θ and θ ′ in the PST case
σ Ec λ k1 η θ −θ ′
10 0.5 0.0 0.09 0.0 1.000000 3.922148
0.1 0.675113 2.647810
0.2 0.457727 1.755221
0.5 0.159658 0.494324
1.0 0.046313 0.095775
2.0 0.006658 0.012712
3.0 0.001001 0.001869
6.0 3.0× 10−5 5.8× 10−6
1.0 0.0 1.000000 3.910858
0.1 0.676567 2.627742
0.2 0.461888 1.721527
0.5 0.175745 0.459275
1.0 0.068262 0.102440
2.0 0.016283 0.023283
3.0 0.003806 0.005682
6.0 8.2× 10−6 3.4× 10−4
2 0.02 −1 1.0 0.0 1.000000 2.523884
0.1 0.775372 1.988312
0.2 0.598812 1.559028
0.5 0.269695 0.731371
1.0 0.066970 0.190892
2.0 0.003745 0.010537
3.0 0.000393 0.000511
4.0 3.0× 10−4 1.2× 10−4
2.0 0.0 1.000000 2.545293
0.1 0.773292 2.007992
0.2 0.594948 1.574791
0.5 0.263181 0.733759
1.0 0.062178 0.184601
2.0 0.003215 0.008850
3.0 0.000447 0.000467
4.0 3.2× 10−4 4.7× 10−5
Fig. 1. Temperature and temperature-gradient profiles in the PST case when NR = 1; λ = 0.1; Ec = 0.02 and k1 = 0.2 for two values of σ with
(solid line: —) and without (dash dot line: –·–·–·–·–) work done by deformation.
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Fig. 2. Temperature and temperature-gradient profiles in the PST case when σ = 1; λ = 0.1; Ec = 0.02 and k1 = 0.2 for two values of NR
(curves as in Fig. 1).
Fig. 3. Temperature and temperature-gradient profiles in the PST case when σ = 1; NR = 1; Ec = 0.02 and k1 = 0.2 for two values of λ (curves
as in Fig. 1).
Fig. 4. Temperature and temperature-gradient profiles in the PST case when σ = 1; NR = 1; λ = 0.1 and k1 = 0.2 for two values of Ec (curves
as in Fig. 1).
as y →∞: T → T∞ (27)
where D is a constant.
On the other hand, we define a non-dimensional temperature g(η) as
g(η) = T − T∞
D
k
( x
l
)2 (υ
c
)1/2 . (28)
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Fig. 5. Temperature and temperature-gradient profiles in the PST case when σ = 1; NR = 1; λ = 0.1 and Ec = 0.02 for two values of k1 (curves
as in Fig. 1).
Fig. 6. Temperature and temperature-gradient profiles in the PHF case when NR = 1; λ = 0.1; E ′c = 0.02 and k1 = 0.2 for two values of σ with
(solid line: —) and without (dash dot line: –·–·–·–·–) work done by deformation.
Using (28) and (12), we find from the energy equation (18)
g′′ + 3σNR
3NR + 4
[
1− exp(−rη)
r
]
g′ − 3σNR
3NR + 4 (2 exp(−rη)− λ)g = −
3σNR
3NR + 4 E
′
c [1+ k1] r2 exp(−2rη)
(29)
where E ′c = EcAkD
( c
υ
)1/2 is the scaled Eckert number.
The boundary conditions can be obtained from Eqs. (27) and (28) as
g′(0) = −1; g(∞) = 0 (30)
and in view to Eq. (28), we get
Tw = T∞ + Dk
( x
l
)2 (υ
c
)1/2
g(0). (31)
Temperature and temperature-gradient profiles with and without work due to deformation in the PHF case are shown
in Figs. 6–10 for several values of the parameters E ′c, k1, NR , σ and λ. The variation of g(η) with all parameters is
on expected lines. The effect of increasing E ′c is to enhance the temperature g(η) at any point, whereas the effect of
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Fig. 7. Temperature and temperature-gradient profiles in the PHF case when σ = 1; λ = 0.1; E ′c = 0.02 and k1 = 0.2 for two values of NR
(curves as in Fig. 6).
Fig. 8. Temperature and temperature-gradient profiles in the PHF case when σ = 1; NR = 1; E ′c = 0.02 and k1 = 0.2 for two values of λ (curves
as in Fig. 6).
increasing σ is quite the opposite. On the other hand, it is also seen that the effect of work due to deformation on g(η)
decreases when an increase in some of the parameters σ , NR or Ec takes place.
The values of the wall temperature gradients [−θ ′(0)] and the wall temperatures g(0) as a function of all the
parameters of the thermal boundary layer treated here have been tabulated in Table 2. From this table we observe that
the effect of viscoelastic parameter k1 is to increase the wall temperature gradient [−θ ′(0)] in the PST case and to
decrease the wall temperature g(0) in the PHF case. The effect of increasing Ec(E ′c) is to increase the magnitude of
both θ(η) and g(η), whereas the opposite behaviour is seen for both the parameters NR and σ . The effect of increasing
the strength of the heat sink is to increase the wall temperature gradient [−θ ′(0)], and the opposite behaviour is seen
for a heat source.
4. Discussions and conclusions
In this work we analyze boundary-layer flow and heat transfer in a viscoelastic fluid over a stretching sheet in the
presence of radiation, and the Rosseland approximation for the radiative heat flux is used. A parameter of interest for
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Fig. 9. Temperature and temperature-gradient profiles in the PHF case when σ = 1; NR = 1; λ = 0.1 and k1 = 0.2 for two values of E ′c (curves
as in Fig. 6).
Fig. 10. Temperature and temperature-gradient profiles in the PHF case when σ = 1; NR = 1; λ = 0.1 and E ′c = 0.02 for two values of k1 (curves
as in Fig. 6).
the present study is the viscoelastic parameter k1, which is related to α1. The values of f ′ and f are related to the
velocity components u and v through Eqs. (12)–(14). From these equations the behaviour of u and v with changes in
k1 can be studied. In view of this, the velocity components mentioned above are a decreasing function of η. We also
observe that r is an important parameter in the present study; it is related to k1 through Eq. (13).
The equations for the heat transfer analysis were solved by the Runge–Kutta method of fourth order, and the
influences of the parameters Ec(E ′c), k1, NR , σ and λ on both temperature and temperature-gradient profiles were
examined in this analysis.
From our numerical results and for both PST/PHF cases, the following conclusions may be drawn:
1. The increase of the parameter Ec(E ′c) leads to the increase of dimensionless surface temperature.
2. The combined effect of increasing values of σ and NR is to decrease the temperature distribution in the flow
region.
3. The effect of the inclusion of viscous dissipation is to increase the temperature distribution in the flow region.
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Table 2
Wall temperature gradients [−θ ′(0)] (PST case) and wall temperatures g(0) (PHF case) for several values of k1, Ec(E ′c), NR , σ and λ
k1 Ec(E ′c) NR σ λ −θ ′(0) g(0)
0.0 1.514677 0.671732
0.2 0.02 1 3 0.05 1.539867 0.651127
0.5 1.567065 0.640663
0.0 1.549264 0.646621
0.2 0.02 1 3 0.05 1.539867 0.651127
0.4 1.376790 0.757167
1 1.539867 0.651127
0.2 0.02 5 3 0.05 2.174623 0.462286
8 2.281787 0.441677
1 0.774749 1.291859
0.2 0.02 1 3 0.05 1.539867 0.651127
7 2.484223 0.406628
−0.25 1.677848 0.597791
−0.15 1.632991 0.614045
0.2 0.02 1 3 0.0 1.564629 0.641036
0.15 1.463766 0.693218
0.25 1.360578 0.716127
4. The internal heat generation/absorption enhances or damps the heat transport.
5. When the above-mentioned parameters are low, the influence of the work due to deformation becomes important.
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